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Abstract
We consider certain CM elliptic curves which are related to Fermat
curves, and express the values of L-functions at s = 2 in terms of special
values of generalized hypergeometric functions. We compare them and
a similar result of Rogers-Zudilin with Otsubo’s regulator formulas, and
give a new proof of the Beilinson conjectures originally due to Bloch.
1 Introduction
The Beilinson conjectures [2, 3] are some very general statements extending
the class number formula which relates the values of L-functions at integers to
regulators. For an elliptic curve E over Q, the conjecture concerning L(E, 2) is
originally due to Bloch [7, 8] and was proved by himself when E has complex
multiplication. The non-CM case follows from Beilinson’s work on modular
curves [3] and the modularity of E due to Wiles. The regulator map that we
consider is given by
rD : H
2
M (E,Q(2))Z −→ H2D(ER,R(2))
from the motivic cohomology to the Deligne cohomology (see Section 3.1).
Let EN be an elliptic curve over Q of conductor N . In this paper, we treat
the cases N = 27, 32 and 64, i.e.
E27 : y
2 = x3 − 27
4
,
E32 : y
2 = x3 + 4x,
E64 : y
2 = x3 − 4x.
Note that E27 is isogenous to the Fermat curve of degree 3 and has complex
multiplication by Z[(−1 + √−3)/2], and each of E32 and E64 is a quotient of
the Fermat curve of degree 4 and has complex multiplication by Z[
√−1].
For Fermat curves, Ross [21, 22] constructed an element of the motivic coho-
mology group. Otsubo [15, 16] expressed its regulator image in terms of special
values of generalized hypergeometric functions 3F2
3F2
[
a, b, c
e, f
∣∣∣∣ z] := ∞∑
n=0
(a)n(b)n(c)n
(e)n(f)n
zn
n!
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where (a)n := Γ(a + n)/Γ(a) denotes the Pochhammer symbol (see Theorems
3.1, 3.4 and 3.6).
By comparing the regulator image of Bloch’s element with that of Ross’
element, Otsubo [16] expressed the values L′(E27, 0) and L′(E32, 0) in terms of
values of 3F2 at z = 1. Note that we have the functional equation (cf.[10])
L′(EN , 0) = ± N
(2pi)2
L(EN , 2). (1)
On the other hand, in [20], Rogers and Zudilin expressed the value L(E27, 2) in
terms of values of 3F2 at z = 1 directly by an analytic method (see Theorem
3.2).
The first purpose of this paper is to prove the following formulas.
Theorem (Theorems 2.5 and 2.7)
L(E32, 2) =
√
piΓ2
(
1
4
)
32
√
2
3F2
[
1
2 ,
1
2 , 1
3
2 ,
3
4
∣∣∣∣ 1]− √piΓ2
(
3
4
)
8
√
2
3F2
[
1
2 ,
1
2 , 1
3
2 ,
5
4
∣∣∣∣ 1] ,
L(E64, 2) =
√
piΓ2
(
1
4
)
32
3F2
[
1
4 ,
1
4 , 1
1
2 ,
5
4
∣∣∣∣ 1]− √piΓ2
(
3
4
)
48
3F2
[
3
4 ,
3
4 , 1
3
2 ,
7
4
∣∣∣∣ 1] .
Rogers [19, p.4036, (46)] expressed the value L(E32, 2) in terms of a value of
3F2 at z = 1/2. Zudilin [24, p.391, Theorem 3] expressed L(E32, 2) as a sum of
values of 3F2 at z = 1. Our new representation of the value L(E32, 2), however,
is appropriate for the comparison with regulators.
To prove the formulas above, we follow an analogous method to that of
Rogers and Zudilin [20]. The modularity theorem shows that the L-function of
an elliptic curve is equal to the Mellin transform of a weight-two modular form.
We know that the modular form corresponding to E32 (resp. E64) is η
2(q4)η2(q8)
(resp. η
8(q8)
η2(q4)η2(q16) ) (cf.[13]), where η(q) is the Dedekind eta function. Hence we
have
L(E32, 2) = −
∫ 1
0
η2(q4)η2(q8) log q
dq
q
, (2)
L(E64, 2) = −
∫ 1
0
η8(q8)
η2(q4)η2(q16)
log q
dq
q
. (3)
By Jacobi’s triple product formula and Jacobi’s imaginary transformation for-
mula, each integral can be expressed as an integral of a product of Jacobi’s theta
functions. Then certain transformation reduces each of L(E32, 2) and L(E64, 2)
to an integral of elementary functions.
The second purpose of this paper is to compare the regulators with the
values L′(EN , 0) via hypergeometric functions. Let eEN ∈ H2M (EN ,Q(2))Z
be an element which is constructed by mapping Ross’ element, ωEN be the
normalized real holomorphic differential form on EN and ΩR be its real period
(see Section 3.1). By comparing the representations of the regulators due to
Otsubo [16] with the representations of the values of L-functions at s = 2
explained above, we prove the Beilinson conjectures for E27, E32 and E64.
Theorem (Theorems 3.3, 3.5 and 3.7)
rD(eE27) = −
3
2
L′(E27, 0)ΩR(ωE27 − ωE27),
rD(eE32) = −
1
2
L′(E32, 0)ΩR(ωE32 − ωE32),
rD(eE64) = −
1
2
L′(E64, 0)ΩR(ωE64 − ωE64).
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Note that, for E27 and E32, Otsubo [16, Propositions 5.1 and 5.4] compared
rD(eEN ) with the regulator image of Bloch’s element. Hence the first two for-
mulas can also be obtained by Bloch’s result. On the other hand, for E64,
rD(eE64) and the regulator image of Bloch’s element has not been compared.
Our result gives a rigorous proof of the formula which was found numerically in
[17].
By Martin and Ono [13], those CM elliptic curves whose corresponding cusp
form is an eta quotient are E27, E32, E36, E64 and E144. The remaining cases
are
E36 : y
2 = x3 + 1,
E144 : y
2 = x3 − 1.
Note that each of E36 and E144 is a quotient of the Fermat curve of degree
6. Otsubo [16] expressed rD(eE36) and rD(eE144) in terms of values of 3F2 at
z = 1. Hence a similar study of L(E36, 2) and L(E144, 2) would lead to a proof
of the Beilinson conjectures. Further, for more general CM abelian varieties,
one might be able to approach the Beilinson conjectures via hypergeometric
functions.
The structure of this paper is as follows. In Section 2, we express the values
L(E32, 2) and L(E64, 2) in terms of values of 3F2 at z = 1. Their proofs are
analogous to the method of Rogers and Zudilin. In Section 3, we stablish the
relationship between L′(E27, 0), L′(E32, 0) and L′(E64, 0) and the regulators via
hypergeometric functions and in this way prove our main results.
2 L-values
In this section, we express the values L(E32, 2) and L(E64, 2) in terms of values
of hypergeometric functions.
2.1 Conductor 32
First we prove the following formula.
Proposition 2.1.
L(E32, 2) =
pi
32
∫ 1
0
θ2(q)θ3(q)
(
θ23(q)− θ22(q)
)
log
(
θ3(q
2)
θ2(q2)
)
dq
q
.
We know that the modular form corresponding to E32 is η
2(q4)η2(q8) (cf.[13,
p.3173, Theorem 2]). To show the formula above, we express this eta product
as a product of Jacobi’s theta functions.
Lemma 2.2.
η2(q4)η2(q8) =
1
4
θ22(q
2)θ24(q
4)
Proof. By Jacobi’s triple product formula, we have (cf.[13, p.3174])
η3(q8) =
∞∑
n=0
(−1)n(2n+ 1)q(2n+1)2 , η
2(q)
η(q2)
=
∞∑
n=−∞
(−1)nqn2 = θ4(q).
If we use the following formula [9, p.68, Proposition 3.1], [5, p.40, Entry 25]
2
∞∑
n=0
(−1)n(2n+ 1)q(2n+1)2 = θ2(q4)θ3(q4)θ4(q4), 2θ2(q2)θ3(q2) = θ22(q),
3
then we obtain the lemma.
By (2) and Lemma 2.2, we have
L(E32, 2) = −1
4
∫ 1
0
θ22(q
2)θ24(q
4) log q
dq
q
.
By substituting q2 7→ q and setting q = e−2piu, we obtain
L(E32, 2) =
pi2
4
∫ ∞
0
θ22(e
−2piu) · uθ24(e−4piu)du.
We use the following Lambert series expansion
θ22(q) = 4
∞∑
n=0
qn+1/2
1 + q2n+1
= 4
∞∑
n=1
χ−4(n)qn/2
1− qn = 4
∞∑
n,k=1
χ−4(n)q
n(k−1/2)
where χ−4(n) := Im(in). This follows from the following formulas [5, p.115,
(8.2)], [9, p.35, (2.1.8)]
θ23(q) = 1 + 4
∞∑
n=1
qn
1 + q2n
, θ22(q
2) = θ23(q)− θ23(q2).
By Jacobi’s imaginary transformation formula [9, p.40, (2.3.3)], we have
uθ24(e
−4piu) =
1
4
θ22(e
− pi4u ) =
∞∑
r,s=1
χ−4(r)e
−pir(s−1/2)4u .
Therefore we obtain
L(E32, 2) = pi
2
∫ ∞
0
∞∑
n,k,r,s=1
χ−4(nr)e
−2piun(k−1/2) · e−pir(s−1/2)4u du.
By substituting u 7→ ru/(k − 1/2), we have
L(E32, 2) = pi
2
∫ ∞
0
( ∞∑
n,r=1
rχ−4(nr)e
−2piunr
) ∞∑
k,s=1
e−
pi
4u (s−1/2)(k−1/2)
k − 12
 du.
(4)
We compute the two series in the integral in the following lemmas.
Lemma 2.3. ∞∑
k,s=1
e−
pi
4u (s−1/2)(k−1/2)
k − 12
=
1
2
log
θ3(q
8)
θ2(q8)
where q = e−2piu.
Proof. We have
∞∑
k,s=1
e−
pi
4u (s−1/2)(k−1/2)
k − 12
= log
∏
s≧1
∣∣∣∣∣1 + e−
pi(2s−1)
16u
1− e−pi(2s−1)16u
∣∣∣∣∣
= log
∏
s≧1
∣∣∣∣∣
(
1− e−pis8u )3(
1− e−pis4u ) (1− e− pis16u )2
∣∣∣∣∣ = log
∣∣∣∣ η3(e− pi8u )η(e− pi4u )η2(e− pi16u )
∣∣∣∣ .
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Now, if we apply the involution for the eta function
η(e
−2pii
τ ) =
√−iτη(e2piiτ ),
then we obtain
η3(e−
pi
8u )
η(e−
pi
4u )η2(e−
pi
16u )
=
η3(e−32piu)√
2η(e−16piu)η2(e−64piu)
=
η3(q16)√
2η(q8)η2(q32)
where we set q = e−2piu. If we use the formulas [13, p.3174]
η5(q2)
η2(q)η2(q4)
= θ3(q),
η2(q)
η(q2)
= θ4(q), (5)
and
η3(q8) =
1
2
θ2(q
4)θ3(q
4)θ4(q
4), (6)
then
η3(q16)√
2η(q8)η2(q32)
=
η5(q16)
η2(q8)η2(q32)
· η(q
8)η(q16)√
2η3(q16)
= θ3(q
8) ·
1√
2
θ
1
2
2 (q
8)θ
1
2
3 (q
8)θ4(q
8)
√
2 · 12θ2(q8)θ3(q8)θ4(q8)
=
(
θ3(q
8)
θ2(q8)
) 1
2
.
Hence we have the lemma.
Lemma 2.4.
∞∑
n,r=1
rχ−4(nr)q
nr =
1
2
θ2(q
4)θ3(q
4)
(
θ23(q
4)− θ22(q4)
)
.
Proof. Since χ−4(n) = Im(in),
∞∑
n,r=1
rχ−4(nr)q
nr = Im
∑
n,r≧1
r (iq)nr
 = Im
∑
r≧1
r (iq)
r
1− (iq)r
 = − 1
24
Im (L(iq))
where
L(q) := 1− 24
∞∑
n=1
nqn
1− qn .
Ramanujan proved [6, p.377, Entry 38] that
3θ43(q) = 4L(q
4)− L(q),
hence we have
∞∑
n,r=1
rχ−4(nr)q
nr =
1
8
Im
(
θ43(iq)
)
.
If we use the following formula [9, p.73]
θ3(iq) = θ3(q
4) + iθ2(q
4),
then we obtain
Im
(
θ43(iq)
)
= 4θ33(q
4)θ2(q
4)− 4θ3(q4)θ32(q4).
Therefore we have the lemma.
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By applying Lemmas 2.3 and 2.4 to (4), we obtain
L(E32, 2) =
pi
8
∫ 1
0
θ2(q
4)θ3(q
4)
(
θ23(q
4)− θ22(q4)
)(
log
θ3(q
8)
θ2(q8)
)
dq
q
.
Then, by substituting q4 7→ q, we have Proposition 2.1.
Now we express the value L(E32, 2) in terms of the values of 3F2 at z = 1.
Theorem 2.5.
L(E32, 2) =
√
piΓ2
(
1
4
)
32
√
2
3F2
[
1
2 ,
1
2 , 1
3
2 ,
3
4
∣∣∣∣ 1]− √piΓ2
(
3
4
)
8
√
2
3F2
[
1
2 ,
1
2 , 1
3
2 ,
5
4
∣∣∣∣ 1] .
Proof. Let
z(x) := 2F1
[
1
2 ,
1
2
1
∣∣∣∣ x] , y(x) := piz(1− x)z(x) .
Set
q = e−y(x).
We know [4, p.87, Entry 30], [5, p.101, Entry 6] that
θ43(q)
dq
q
=
dx
x(1− x) .
It is also known [5, Entry 10, 11] that
θ3(q) =
√
z(x), θ3(q
2) =
√
z(x)
2
(
1 +
√
1− x) 12 ,
θ2(q) =
√
z(x)x
1
4 , θ2(q
2) =
√
z(x)
2
(1−√1− x) 12 .
Therefore,
L(E32, 2) = − pi
32
∫ 1
0
θ2(q)
θ3(q)
(
1− θ
2
2(q)
θ23(q)
)
log
(
θ2(q
2)
θ3(q2)
)
θ43(q)
dq
q
= − pi
32
∫ 1
0
x1/4
(
1− x1/2
)
log
(
(1−√1− x) 12
(1 +
√
1− x) 12
)
dx
x(1 − x)
= − pi
32
∫ 1
0
x1/4
(
1− x1/2
)
log
(
1− (1 − x)1/2
x1/2
)
dx
x(1 − x) .
If we use the formula
log
(
1− (1 − x)1/2
x1/2
)
=
∞∑
n=1
(1− x)n − 2(1− x)n2
2n
,
and perform term-by-term integration using beta integrals
B(α, β) :=
∫ 1
0
xα−1(1− x)β−1dx,
we obtain
L(E32, 2) = − pi
32
∞∑
n=1
1
2n
(
B
(
1
4
, n
)
− 2B
(
1
4
,
n
2
)
−B
(
3
4
, n
)
+ 2B
(
3
4
,
n
2
))
.
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Using Pochhammer symbols, the values of beta function are represented as
follows:
B
(
1
4
, n
)
=
Γ
(
1
4
)
Γ(n)
Γ
(
1
4 + n
) = Γ(n)( 1
4
)
n
, B
(
3
4
, n
)
=
Γ
(
3
4
)
Γ(n)
Γ
(
3
4 + n
) = Γ(n)( 3
4
)
n
,
B
(
1
4
,
n
2
)
=

B
(
1
4
,
2m
2
)
=
Γ(m)(
1
4
)
m
(n ≡ 0 mod 2),
B
(
1
4
,
2m+ 1
2
)
=
Γ
(
1
4
)
Γ
(
1
2
) (
1
2
)
m
Γ
(
3
4
) (
3
4
)
m
(n ≡ 1 mod 2),
B
(
3
4
,
n
2
)
=

B
(
3
4
,
2m
2
)
=
Γ(m)(
3
4
)
m
(n ≡ 0 mod 2),
B
(
3
4
,
2m+ 1
2
)
=
4Γ
(
3
4
)
Γ
(
1
2
) (
1
2
)
m
Γ
(
1
4
) (
5
4
)
m
(n ≡ 1 mod 2).
Hence we obtain
L(E32, 2) =
piΓ
(
1
4
)
Γ
(
1
2
)
32Γ
(
3
4
) ∞∑
m=0
(
1
2
)
m
(2m+ 1)
(
3
4
)
m
− piΓ
(
3
4
)
Γ
(
1
2
)
8Γ
(
1
4
) ∞∑
m=0
(
1
2
)
m
(2m+ 1)
(
5
4
)
m
.
Note that these series are hypergeometric functions. In fact, we have
∞∑
m=0
(
1
2
)
m
(2m+ 1)
(
3
4
)
m
=
∞∑
m=0
(
1
2
)
m
(
1
2
)
m
(1)m
(2m+ 1)
(
1
2
)
m
(
3
4
)
m
(1)m
= 3F2
[
1
2 ,
1
2 , 1
3
2 ,
3
4
∣∣∣∣ 1] .
Similarly, we have
∞∑
m=0
(
1
2
)
m
(2m+ 1)
(
5
4
)
m
= 3F2
[
1
2 ,
1
2 , 1
3
2 ,
5
4
∣∣∣∣ 1] .
Hence we obtain
L(E32, 2) =
piΓ
(
1
4
)
Γ
(
1
2
)
32Γ
(
3
4
) 3F2 [ 12 , 12 , 13
2 ,
3
4
∣∣∣∣ 1]− piΓ
(
3
4
)
Γ
(
1
2
)
8Γ
(
1
4
) 3F2 [ 12 , 12 , 13
2 ,
5
4
∣∣∣∣ 1] .
If we use the formulas
Γ
(
1
4
)
Γ
(
3
4
)
=
√
2pi, Γ
(
1
2
)
=
√
pi,
then we finally obtain the theorem.
2.2 Conductor 64
We know that the modular form corresponding to E64 is
η8(q8)
η2(q4)η2(q16) (cf.[13]).
Proposition 2.6.
L(E64, 2) =
pi
64
∫ 1
0
θ2(q)θ3(q)
(
θ23(q)− θ22(q)
)
log
(
θ3(q
4)
θ2(q4)
)
dq
q
.
Proof. We have the identity
η8(q8)
η2(q4)η2(q16)
=
1
4
θ22(q
2)θ24(q
8).
7
This identity follows from (5), (6) and θ3(q)θ4(q) = θ
2
4(q
2) [9, p.34, (2.1.7ii)].
Therefore we obtain
L(E64, 2) = −1
4
∫ 1
0
θ22(q
2)θ24(q
8) log q
dq
q
= − 1
16
∫ 1
0
θ22(q)θ
2
4(q
4) log q
dq
q
.
By similar calculations as in Proposition 2.1, we have the proposition.
Now we express the value L(E64, 2) in terms of values of 3F2 at z = 1.
Theorem 2.7.
L(E64, 2) =
√
piΓ2
(
1
4
)
32
3F2
[
1
4 ,
1
4 , 1
1
2 ,
5
4
∣∣∣∣ 1]− √piΓ2
(
3
4
)
48
3F2
[
3
4 ,
3
4 , 1
3
2 ,
7
4
∣∣∣∣ 1] .
Proof. If we set
q = e−y(x),
then we know [5, Entry 10, 11]
θ3(q) =
√
z(x), θ3(q
4) =
1
2
√
z(x)(1 + (1− x)1/4),
θ2(q) =
√
z(x)x
1
4 , θ2(q
4) =
1
2
√
z(x)(1− (1− x)1/4).
Therefore,
L(E64, 2) =
pi
64
∫ 1
0
θ2(q)
θ3(q)
(
1− θ
2
2(q)
θ23(q)
)
log
(
θ2(q
4)
θ3(q4)
)
θ43(q)
dq
q
=
pi
64
∫ 1
0
x1/4
(
1− x1/2
)
log
(
1 + (1− x)1/4
1− (1− x)1/4
)
dx
x(1 − x) .
If we use the following formula
log
(
1 + (1− x)1/4
1− (1− x)1/4
)
= −2
∞∑
n=1
(1− x)n/2 − 2(1− x)n/4
2n
,
then
L(E64, 2) = − pi
32
∞∑
n=1
1
2n
(
B
(
1
4
,
n
2
)
− 2B
(
1
4
,
n
4
)
−B
(
3
4
,
n
2
)
+ 2B
(
3
4
,
n
4
))
.
By similar calculations as in Theorem 2.5, we obtain the theorem.
Remark 2.8. After writing this paper, the author learned that the same for-
mula was obtained independently in the unpublished notes of Rogers [18, The-
orem 5].
3 Comparisons
In this section, we compare the regulators with the L-values for E27, E32 and
E64 via hypergeometric functions.
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3.1 Regulator of Curves
Here we recall the Beilinson regulator map for curves (cf.[23]).
Let C be a projective smooth curve over Q. The regulator map rD defined
by Beilinson is a canonical map from the integral part of the motivic cohomol-
ogy group H2
M
(C,Q(2))Z to the real Deligne cohomology group H
2
D
(CR,R(2))
(cf.[23])
rD : H
2
M (C,Q(2))Z −→ H2D(CR,R(2)).
We have an isomorphism (cf.[14])
H2M (C,Q(2))
∼= Ker
τ ⊗Q : KM2 (Q(C))⊗Q −→ ⊕
x∈C(1)
κ(x)∗ ⊗Q
 .
Here C(1) is the set of closed points on C, κ(x) is the residue field, and τ = (τx)
is the tame symbol on KM2 (Q(C))
τx({f, g}) = (−1)ordxfordxg
(
fordxg
gordxf
)
(x).
The integral part H2
M
(C,Q(2))Z is defined to be the image of the K-group of a
regular model of C proper and flat over Z.
On the other hand, we have an isomorphism (cf.[11])
H2D(CR,R(2))
∼= H1(C(C),R(1))+.
Here + denotes the part fixed by the de Rham conjugation F∞⊗ c∞, where the
infinite Frobenius F∞ is the complex conjugation acting on C(C) and c∞ is the
complex conjugation on the coefficients.
Let E be an elliptic curve. Let ωE ∈ H0(E(C),Ω1)+ be the real holomorphic
differential form normalized so that
1
2pi
√−1
∫
E(C)
ωE ∧ ωE = −1
where ωE := c∞ωE = F∞ωE . Note that H1(E(C),R(1))+ is generated by ωE−
ωE. Let E(R)
0 be the connected component of the origin with the orientation
such that the real period
ΩR =
∫
E(R)0
ωE
is positive. Then the Beilinson conjectures read that there exists an element
e ∈ H2
M
(E,Q)Z such that
rD(e) = L
′(E, 0)ΩR(ωE − ωE).
Let Xn be the Fermat curve of degree n
Xn : u
n + vn = 1.
We have a finite map f : Xn −→ EN which is defined by
f(u, v) =
(
3v
1− u,
9(1 + u)
2(1− u)
)
for (n,N) = (3, 27),
f(u, v) =
(
2(1− v2)
u2
,
4(1− v2)
u3
)
for (n,N) = (4, 32),
f(u, v) =
(
2(u2 − 1)
v2
,
4u(u2 − 1)
v3
)
for (n,N) = (4, 64).
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Let en := {1− u, 1− v} ∈ H2M (Xn,Q(2))Z be Ross’ element [22], and set [15]
eEN := f∗(en) ∈ H2M (EN ,Q(2))Z.
Otsubo [15, 16] expressed its regulator image in terms of values of hypergeo-
metric functions F˜
F˜ (α, β) :=
(
Γ(α)Γ(β)
Γ(α + β)
)2
3F2
[
α, β, α+ β − 1
α+ β, α+ β
∣∣∣∣ 1] .
This is monotonically decreasing with respect to each parameter [15, Proposition
4.25]. If we use Thomae’s formula [1, p.14, (1)]
3F2
[
a, b, c
e, f
∣∣∣∣ 1] = Γ(e)Γ(f)Γ(s)Γ(a)Γ(b + s)Γ(c+ s)3F2
[
e− a, f − a, s
s+ c, s+ b
∣∣∣∣ 1]
where s := e + f − (a+ b+ c), we have
F˜ (α, β) =
Γ(α)Γ(β)
βΓ(α + β)
3F2
[
β, β, 1
α+ β, β + 1
∣∣∣∣ 1] . (7)
3.2 Conductor 27
Otsubo proved the following formula. See [16], Section 5.2 for the relation of
ωE27 with a form on the Fermat curve.
Theorem 3.1 ([16, Theorem 3.2]). With the notations as above, we have
rD(eE27) = −
1
6
√√
3
2pi
(
F˜
(
1
3
,
1
3
)
− F˜
(
2
3
,
2
3
))
(ωE27 − ωE27) .
and F˜
(
1
3 ,
1
3
)− F˜ ( 23 , 23) 6= 0.
On the other hand, Rogers and Zudilin proved the following formula.
Theorem 3.2 ([20, Theorem 1]).
L(E27, 2) =
Γ3
(
1
3
)
27
3F2
[
1
3 ,
1
3 , 1
2
3 ,
4
3
∣∣∣∣ 1]− Γ3
(
2
3
)
18
3F2
[
2
3 ,
2
3 , 1
4
3 ,
5
3
∣∣∣∣ 1] .
By comparing the formulas above, we prove the Beilinson conjectures for
E27.
Theorem 3.3. With the notations as above, we have
rD(eE27) = −
3
2
L′(E27, 0)ΩR(ωE27 − ωE27).
Proof. By (7), we have
F˜
(
1
3
,
1
3
)
=
3
√
3
2pi
Γ3
(
1
3
)
3F2
[
1
3 ,
1
3 , 1
2
3 ,
4
3
∣∣∣∣ 1] ,
F˜
(
2
3
,
2
3
)
=
9
√
3
4pi
Γ3
(
2
3
)
3F2
[
2
3 ,
2
3 , 1
4
3 ,
5
3
∣∣∣∣ 1] .
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Hence, by Theorems 3.1 and 3.2, we have
rD(eE27) = −
27
4pi
√
3
√
3
2pi
L(E27, 2) (ωE27 − ωE27) .
By the functional equation (1) and the fact that the root number (the sign of
the functional equation) is 1, we have
rD(eE27) = −
√
3pi
√
3
2
L′(E27, 0) (ωE27 − ωE27) .
We know ΩR =
√
2pi√
3
(cf.[16]), hence we obtain the theorem.
3.3 Conductor 32
The formula for rD(eE32) due to Otsubo is as follows (see [16], Section 5.2 for
the formula of f∗ωE32).
Theorem 3.4 ([16, Theorem 3.2]). Let eE32 ∈ H2M (E32,Q(2))Z be the element
defined in Section 3.1. Then we have
rD(eE32) = −
√
2
16
√
pi
(
F˜
(
1
4
,
1
2
)
− F˜
(
3
4
,
1
2
))
(ωE32 − ωE32)
and F˜
(
1
4 ,
1
2
)− F˜ ( 34 , 12) 6= 0.
By comparing the formula above with Theorem 2.5, we prove the Beilinson
conjectures for E32.
Theorem 3.5. With notations as above, we have
rD(eE32) = −
1
2
L′(E32, 0)ΩR(ωE32 − ωE32).
Proof. By (7), we have
F˜
(
1
4
,
1
2
)
=
√
2
pi
Γ2
(
1
4
)
3F2
[
1
2 ,
1
2 , 1
3
2 ,
3
4
∣∣∣∣ 1] ,
F˜
(
3
4
,
1
2
)
= 4
√
2
pi
Γ2
(
3
4
)
3F2
[
1
2 ,
1
2 , 1
3
2 ,
5
4
∣∣∣∣ 1] .
Hence, by Theorems 2.5 and 3.4, we have
rD(eE32) = −
4
√
2
pi
√
pi
L(E32, 2) (ωE32 − ωE32) .
By the functional equation (1) and the fact that the root number is 1, we have
rD(eE32) = −
√
2pi
2
L′(E32, 0) (ωE32 − ωE32) .
We know ΩR =
√
2pi (cf.[16]), hence we obtain the theorem.
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3.4 Conductor 64
The formula for rD(eE64) due to Otsubo is as follows. It is not difficult to see
that f∗ωE64 is proportional to ω˜
1,1
4 (see [16, Section 3.2] for the notation). Then
similarly as in loc. cit., we obtain f∗ωE64 =
√
pi
2 ω˜
1,1
4 .
Theorem 3.6 ([16, Theorem 3.2]). Let eE64 ∈ H2M (E64,Q(2))Z be the element
defined in Section 3.1. Then we have
rD(eE64) = −
1
16
√
pi
(
F˜
(
1
4
,
1
4
)
− F˜
(
3
4
,
3
4
))
(ωE64 − ωE64)
and F˜
(
1
4 ,
1
4
)− F˜ ( 34 , 34) 6= 0.
By comparing the formula above with Theorem 2.7, we prove the Beilinson
conjectures for E64.
Theorem 3.7. With notations as above, we have
rD(eE64) = −
1
2
L′(E64, 0)ΩR(ωE64 − ωE64).
Proof. By (7), we have
F˜
(
1
4
,
1
4
)
=
4Γ2
(
1
4
)
√
pi
3F2
[
1
4 ,
1
4 , 1
1
2 ,
5
4
∣∣∣∣ 1] ,
F˜
(
3
4
,
3
4
)
=
8Γ2
(
3
4
)
3
√
pi
3F2
[
3
4 ,
3
4 , 1
3
2 ,
7
4
∣∣∣∣ 1] .
Hence, by Theorems 2.7 and 3.6, we have
rD(eE64) = −
8
pi
√
pi
L(E64, 2) (ωE64 − ωE64) .
By the functional equation (1) and the fact that the root number is 1 (cf.[12,
p.84, Theorem]), we have
rD(eE64) = −
√
pi
2
L′(E64, 0) (ωE64 − ωE64) .
We know ΩR =
√
pi (cf.[16]), hence we obtain the theorem.
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